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Abstract
A product formula for Seiberg–Witten invariants is proved in the case when the 4-manifold under
examination is split along the Seifert fibered homology sphere Σ(2,3,11). As an application of
the formula homotopy K3 surfaces not containing any of the nuclei N(2)p,q are constructed. As
another application we study embeddings ofΣ(2,3,11) into homotopyK3 surfaces. Ó 2000 Elsevier
Science B.V. All rights reserved.
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1. Statement of results
In the following we will define diffeomorphism invariants of 4-manifolds admitting
boundary diffeomorphic to the Seifert fibered homology 3-sphere Σ(2,3,11). The
definition of these invariants follow the lines of the definition of usual Seiberg–Witten
invariants of closed 4-manifolds. Using standard gluing arguments we find a relation
between these invariants and the usual Seiberg–Witten invariants of a close 4-manifold
decomposed along Σ(2,3,11), more precisely:
Theorem 1.1. If the closed 4-manifold Z decomposes as Z = X ∪Σ(2,3,11) Y , SW(X),
SW(Y ) denote the formal power series formed from the invariants of X and Y (having
boundary±Σ(2,3,11)) and SW(Z) is the formal power series formed from the Seiberg–
Witten invariants of Z, then
SW(Z)= SW(X) · SW(Y ).
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The crucial observation for defining these invariants for manifolds with boundary
±Σ(2,3,11) is that once ∂X = −Σ(2,3,11), there is a relation between the L2 moduli
spaces of solutions of the Seiberg–Witten equations with various boundary values. (For
the precise statement, see Proposition 3.2.) Consequently, instead of getting a vector in
a “Floer-homology group” of ±Σ(2,3,11) we can extract a number (depending only
on the chosen spinc structure) as an invariant of a 4-manifold X with ∂X with ∂X =
±Σ(2,3,11). As an application of the above product formula we will prove the following:
Theorem 1.2. There exists a 4-manifold Z with the property that no Gompf nucleus
N(2)p,q embeds smoothly in Z.
After reviewing the basics of Seiberg–Witten theory in Section 2, we define our
invariants in Section 3. Finally, Section 4 is devoted to showing the above mentioned
application together with some speculations about possible nonembedding properties of
Σ(2,3,11) into 4-manifolds given by related constructions.
2. Introduction to Seiberg–Witten invariants
Throughout this paper we will use recent results concerning Seiberg–Witten invariants
of certain 3- and 4-dimensional manifolds. For a detailed discussion of the gauge-theoretic
background we advise the reader to turn to, e.g., [11,13,16]—here we restrict ourselves to
a very quick review of the basic notions and constructions of Seiberg–Witten theory.
Assume that X is a smooth, closed, oriented 4-manifold equipped with a Riemannian
metric; the principal SO(4)-bundle corresponding to the tangent bundle of X is denoted
by PSO(4). Recall that the 4-dimensional spinc group is defined as Spinc(4) = {(A,B) ∈
U(2)× U(2) | detA = detB} and there is a natural map ρ : Spinc(4)→ SO(4) given by
ρ(A,B)(x) = A−1xB for a vector x ∈ C2. A spinc structure on X is by definition a
principal Spinc(4)-bundle PSpinc(4) together with an identification
γ :PSpinc(4)×ρ SO(4)∼= PSO(4).
Let Sc(X) denote the set of spinc structures on X. For each L ∈ Sc(X), the homo-
morphism ϕ : Spinc(4)→ S1 defined as ϕ(A,B) = detA induces a complex line bundle
L= PSpinc(4)×ϕ C which is called the determinant line bundle detL of L. The set {K ∈
H 2(X;Z) | K = w2(X) (mod 2)} of characteristic elements is denoted by CX . It is easy
to show [16] that for L ∈ Sc(X) we have c1(detL) ∈ CX , hence the map L c7→ c1(detL)
defines a function c :Sc(X)→ CX ; if H1(X;Z) has no 2-torsion, then c turns out to be
an isomorphism between Sc(X) and CX . From now on we will assume that H1(X;Z) has
no 2-torsion, consequently we will freely switch between Sc(X) and CX using the above
isomorphism.
Definition 2.1. Using the projectionsµ± : Spinc(4)→ U(2) two U(2)-bundles, the spinor
bundles W± = PSpinc(4)×µ± C2 can be associated to the spinc structure PSpinc(4).
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It can be shown that TX ⊗ C ∼= HomC(W+,W−), hence a vector field defines a map
W+ → W− called the Clifford multiplication. For a given spinc structure PSpinc(4) and
connection A on L a Dirac operator
6 ∂A :Γ (X;W+)→ Γ (X;W−)
can be defined: compose the covariant differentiation
∇A :Γ (X;W+)→ Γ (X;W+ ⊗ T ∗X)
(what we get by coupling A with the Levi–Civita connection of X) with the Clifford
multiplication. The space of connections on the line bundle L will be denoted by AL.
Note that the metric on X defines a splitting Λ2 = Λ+ ⊗ Λ− of the space of 2-forms
via the Hodge ∗-operation. Consequently, for the connection A ∈ AL we can take the
part F+A of the curvature 2-form FA lying in iΛ+; F
+
A is called the self-dual part of
the curvature. Using the appropriate representations r± of Spinc(4) on the set ImH of
imaginary quaternions one finds that
Λ± = PSpinc(4)×r± ImH.
Since the map σ :H→ ImH given as x 7→ −x ix is a Spinc(4)-equivariant map (assuming
that Spinc(4) acts onH and ImH via µ+ and r+, respectively), we get a map σ :Γ (W+)→
Γ (Λ+).
The Seiberg–Witten equations for a pair (A,ψ) ∈AL × Γ (W+) are given as
6 ∂Aψ = 0 and F+A = iσ(ψ). (∗)
The gauge group G =Map(X,S1) admits an action on the space AL× Γ (W+), moreover
if (A,ψ) ∈AL × Γ (W+) solves the Seiberg–Witten equations, then so does its g-image
g∗(A,ψ) for all g ∈ G. After using appropriate Sobolev completions of AL, Γ (W+) and
G we get the moduli spaceMX(L) ⊂ BL = (AL × Γ (W+))/G as the gauge equivalence
classes of solutions.
Definition 2.2. The pair (A,ψ) ∈ AL × Γ (W+) is called reducible if ψ ≡ 0. The
complement of the gauge equivalence classes of the reducible pairs is denoted by B∗L,
hence B∗L = {[(A,ψ)] ψ is not identically 0}.
Remark 2.3. The cohomology ring of B∗L can be easily determined; for a 4-manifold X
with b1(X)= 0 we get that H ∗(BL;Z)= Z[µ], where µ ∈H 2(B∗L;Z).
It can be proved (see, e.g., [13] or [16]) that if b+2 (X) > 0, then for a generic choice
of metric the moduli space MX(L) ⊂ BL is in fact a subspace of B∗L. By perturbing
the equations (∗) by a smooth self-dual 2-form δ as 6 ∂Aψ = 0 and F+A = iσ(ψ) + iδ,
it can be shown that (for generic metric and perturbation) MδX(L,g) is a smooth,
d = ((L2 − (3σ(X)+ 2χ(X)))/4)-dimensional manifold, where σ(X), χ(X) denote the
signature and the Euler characteristic of X, respectively. A choice of the orientation of
H 2+(X,R)⊗H 1(X,R) (that is, a homology orientation for X) determines an orientation
for the moduli space MδX(L,g). If the above dimension d is even (and equal to 2k),
296 A.I. Stipsicz, Z. Szabó / Topology and its Applications 106 (2000) 293–304
hence [MδX(L,g)] defines a homology element in the homology group H2k(B∗L;Z)= Z,
the value SWX(L) = 〈µk, [MδX(L,g)]〉 ∈ Z can be associated to the spinc structure
corresponding to L.
Theorem 2.4 (see [16]). Suppose that X is a simply connected, smooth 4-manifold with
odd b+2 (X)—hence the d given above is even. If b+2 (X) > 1, the above defined map
SWX :CX → Z is a smooth invariant; more precisely if L′ ∈ CX′ and f :X→ X′ is an
orientation preserving diffeomorphism then
SWX(f ∗L′)=±SWX′(L′),
where the sign depends on the action of f ∗ on the homology orientations. For a given
4-manifold X there are only finitely many classes K ∈ CX with SWX(K) 6= 0. Furthermore
for all K ∈ CX we have
SWX(K)= (−1)(σ (X)+χ(X))/4SWX(−K).
Definition 2.5. The cohomology classK ∈ Cx is called a basic class ofX if SWX(K) 6= 0.
Following ideas of Fintushel and Stern [5] we can associate a formal series to any 4-man-
ifoldX with b+2 (X) > 1 and b
+
2 (X)−b1(X) odd: If {±L1, . . . ,±Ln} are the nonzero basic
classes of X then take
SW(X)= SWX(0)+
n∑
i=1
SWX(Li) exp(Li)+ SWX(−Li) exp(−Li).
In a similar vein the 3-dimensional analogue of the Seiberg–Witten equations can
be defined. The group Spinc(3) is isomorphic to U(2), hence a spinc structure on a
Riemannian 3-manifold M is simply a unitary complex 2-plane bundle W → M such
that the associated SO(3)-bundle is trivial, with an action (the Clifford multiplication)
p :T ∗M→ su(W) satisfying p(θ)2 = −|θ |2 idW for every cotangent vector θ . Note that
if M3 = ∂X4 and X is equipped with a spinc structure, the restriction W+|M ∼= W−|M
(with the restriction of the Clifford multiplication) gives a spinc structure on M . Using
similar ideas as in the 4-dimensional case, the coupled Dirac operator 6 ∂A :Γ (W)→ Γ (W)
and the map σ :Γ (W)→Ω1(M) can be defined. Now the 3-dimensional Seiberg–Witten
equations read as follows: If (A,ψ) ∈AdetW × Γ (W), then
6 ∂Aψ = 0 and ∗ FA = iσ(ψ). ((∗∗))
(As usual, FA denotes the curvature 2-form of the connectionA, and ∗ stands for the Hodge
∗-operator given by the metric.) The above equations have been solved for a particular set
of 3-manifolds in [19]; in that paper the case of Seifert fibered 3-manifolds have been
considered. By definition M3 is a Seifert fibered 3-manifold if it admits an S1-action with
finite stabilizers. (For more about Seifert fibered 3-manifolds see [8].) In this paper we
will focus on the particular Seifert fibered 3-manifoldΣ(2,3,11); it can be defined as the
boundary of the nucleusN(2) defined in Section 4. Substituting the Levi–Civita connection
with a suitable connection in the definition of 6 ∂A, it is shown that (∗∗) admits 3 solutions
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(up to gauge equivalence) [19]. One of them is the trivial solution θ , which is the trivial
connection with vanishing spinor field. The other two will be denoted by α and α.
Remark 2.6. Such a perturbation of the Seiberg–Witten equations over a three-manifold
can be naturally extended to give a perturbation of the Seiberg–Witten moduli space over
4-manifolds containing long necks. It is proved [20] that this perturbation over a smooth
closed 4-manifold with b+2 > 0 gives a compact moduli space which is smoothly cobordant
to the unperturbed Seiberg–Witten moduli space. This implies that such a perturbation can
be used to compute the Seiberg–Witten invariants.
3. Relative invariants and a product formula
The definition of Seiberg–Witten invariants can be extended to manifolds with homology
3-sphere boundaries [15]. In this paper we work only with the case when the boundary is
diffeomorphic to ±Σ(2,3,11).
Assume that X4 is a smooth, oriented, compact 4-manifold with boundary ∂X = Y
diffeomorphic to ±Σ(2,3,11). (In this paper we orient Σ(2,3,11) as the boundary of
the Gompf nucleus of the K3 surface.) A Riemannian metric g on the open manifold
X◦ = X \ ∂X is called cylindrical if the end of X◦ is isometric to a product metric on
[0,∞)×Y ; the metric on±Σ(2,3,11) is chosen now as in [19]. For a given spinc structure
K on X, we define the cylindrical end (or L2) moduli spaceMX(K) as the moduli space
of those solutions (A,φ) of the Seiberg–Witten equations for which
∫
X
|FA|2 dvol is finite.
Standard arguments prove that for each y ∈MX(K) the restrictions y|{t}×Y on the slices
{t}×Y have a well-defined limit as t goes to infinity (up to gauge equivalence) and that this
limit ∂∞(y) satisfies the 3-dimensional Seiberg–Witten equations (∗∗) on Y . Consequently,
in our case we have a map
∂∞ :MK(X)→{θ,α,α};
letMX(K, θ),MX(K,α) andMX(K,α) denote the corresponding preimages.
By applying the Atiyah–Patodi–Singer index theorem in this context, the formal
dimensions of these moduli spaces are given by 14 (K
2−2χ(X)−3σ(X)) plus a correction
term that depends on the boundary value. By using [19] we get the following.
Lemma 3.1 [19]. If ∂X=Σ(2,3,11), then
• dim(MX(K, θ))= 14 (K2 − 2χ(X)− 3σ(X))− 12 and
• dim(MX(K,α))= dim(MX(K,α))= 14 (K2 − 2χ(X)− 3σ(X))+ 32 .
In case ∂X=−Σ(2,3,11) we have
• dim(MX(K, θ))= 14 (K2 − 2χ(X)− 3σ(X))− 12 and
• dim(MX(K,α))= dim(MX(K,α))= 14 (K2 − 2χ(X)− 3σ(X))− 32 .
Proof. It follows from the usual J action in the Seiberg–Witten moduli space (cf.
[7,16,19]), that dim(MX(K,α)) = dim(MX(K,α)). In order to compute the correction
term we just have to determine it in one example. For instance, take a Gompf-nucleus
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N(2) in the K3 surface, and take the decomposition K3=N(2) ∪Σ(2,3,11) (K3−N(2)).
Since K3 has nontrivial Seiberg–Witten invariant and b+2 (N(2)), b
+
2 (K3−N(2)) > 0, it
follows from usual dimension counting arguments that dimMN(2)(α)= 0, and this gives
the correction term for α and α. The relative grading between α and θ is computed in [19],
and this finishes the proof. 2
By fixing a homology orientation for X, these moduli spaces can be equipped
with orientations. Note that since α and α are irreducible solutions, it follows that
MX(K,α) and MX(K,α) do not contain reducible points. Now it follows from
standard arguments that for generic compactly supported perturbations the moduli spaces
MX(K,α) andMX(K,α) are smooth manifolds with the expected dimensions. Suppose
that dim(MX(K,α)) = 0, hence the moduli spaces MX(K,α) and MX(K,α) are
compact, oriented, 0-dimensional manifolds. The integer nX(K)[α] denotes the number
of points (counted with sign) in the moduli spaceMX(K)[α] while nX(K)[α] denotes the
sum of signs inM(K)[α].
If the boundary of X is orientation preserving diffeomorphic to −Σ(2,3,11), there is a
relation between the above defined invariants corresponding to α and α.
Proposition 3.2. Assume that ∂X = −Σ(2,3,11) and b+2 (X) > 0. Then for each spinc
structure K with K2 − 2χ(X)− 3σ(X)− 6= 0 we have
nY (K)[α] = −nY (K)[α].
Proof. Take the Seiberg–Witten moduli spaces over the infinite cylinder R× (−Σ(2,3,
11)) corresponding to the trivial spinc structure. Let M(α, θ) denote the finite energy
Seiberg–Witten moduli space over the above cylinder for which the boundary value is α in
the negative and θ in the position direction;M(α, θ) is defined similarly with α. It follows
from the above dimension formulae that dimM(α, θ)= dimM(α, θ)= 1.
Translation in the R-direction gives an R-action on these moduli spaces, let N (α, θ)
andN (α, θ) denote the corresponding quotients. For a genericR-invariant perturbation [6]
these moduli spaces are smooth zero-dimensional manifolds, and by counting their points
(with orientation), we get invariants
k(α)= #(N (α, θ)) and k(α)= #(N (α, θ)).
The usual J symmetry of the Seiberg–Witten equations implies k(α)= k(α).
Lemma 3.3. The invariant k(α) is not equal to zero.
Proof. Suppose that k(α) = 0. Recall that the K3 surface contains 3 disjoint Gompf
nuclei [10]. After deleting the three open Gompf nuclei fromK3 we get a negative definite
spin 4-manifold Y with boundary, where ∂Y is three disjoint copies of −Σ(2,3,11). Now
let us fix the trivial spinc structure on Y and for each x1, x2, x3 ∈ {θ,α,α} letM(x1, x2, x3)
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denote the corresponding L2 Seiberg–Witten moduli space over Y with boundary values
x1, x2, x3 in the three ends, respectively. Note that
dim
(MY (θ, θ, θ))=− 14 (2χ(Y )− 3σ(Y ))− 32 = 3.
Let us choose a point y inside of Y and let M˜Y (x1, x2, x3)→M(x1, x2, x3) denote the
corresponding base point fibration. The first Chern class of the base point fibration can be
represented as the Poincaré dual of a generic 2-codimensional stratified set D in the space
of configurations, where we can choose D to be supported in a small neighborhood of the
point y . Let
NY (x1, x2, x3)=MY (x1, x2, x3) ∩D.
Then dim(NY (θ, θ, θ)) is a smooth 1-manifold with boundary; next we will study its ends.
Since Y is negative definite and H1(Y ) = 0, it follows that there is a unique reducible
solution in NY (θ, θ, θ) and its neighborhood is homeomorphic to [0, ε). The other ends
correspond to energy going down on one of the three tubes [0,∞) × (−Σ(2,3,11)).
Applying the usual gluing arguments we get that the ends corresponding to the first tube
are given by
NY (α, θ, θ)×α N (α, θ) and NY (α, θ, θ)×α N (α, θ);
similar descriptions give the other ends as well. From k(α) = 0 it follows that the above
ends are homologically trivial, hence the compact 1-manifoldNY (θ, θ, θ) admits only one
end. This contradiction implies that k(α) 6= 0, which proves the lemma. 2
Remark 3.4. It easily follows from the above argument, that in fact k(α) =±1. A more
direct proof of k(α) = ±1 can also be given by a careful analysis of the moduli space
M(α, θ), cf. [19].
Now we turn back to the proof of Proposition 3.2. For X and K as above take the
moduli spaceMX(K, θ). After using a compactly supported perturbation we can assume
that this moduli space is a smooth 1-manifold. Its ends can be described by using the gluing
constructions along α and α, hence it follows that the oriented boundary ofMX(K, θ) is
the disjoint union of
MX(K,α)×α N (α, θ) and MX(K,α)×α N (α, θ).
This, however, implies that k(α)(#(MX(K,α)) + #(MX(K,α))) = 0. Since k(α) 6= 0,
this proves Proposition 3.2. 2
Now we are in the position to define the relative invariants of the manifold X with
∂X=±Σ(2,3,11).
Definition 3.5. Suppose that ∂X =Σ(2,3,11); define SWX(K) as nX(K)[α]−nX(K)[α].
If ∂X =−Σ(2,3,11) holds, then define SWY (K) as nX(K)[α]; this is (by Proposition 3.2)
equal to −nX(K)[α]. Following the analogy with closed 4-manifolds, the formal series
SW(X) can be given in the same way.
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After having all the necessary definitions, we can turn to the discussion of a product
formula. Assume that Z =X∪Σ(2,3,11) Y is a closed 4-manifold which can be decomposed
along the 3-manifoldΣ(2,3,11) such that b+2 (X) > 0 and b
+
2 (Y ) > 0. Let us assume, that
H1(Z) has no 2-torsion. The next theorem follows from the usual gluing arguments.
Theorem 3.6. For each characteristic cohomology element K ∈ H 2(Z;Z) with d(K) =
1
4 (K
2 − 2χ(Z)− 3σ(Z))= 0, the moduli spaceMZ(K) is diffeomorphic to the disjoint
union of the productsMX(K)[α] ×MY (K)[α] andMX(K)[α] ×MY (K)[α].
Theorem 3.6 immediately implies the following corollary:
Corollary 3.7. The value of the Seiberg–Witten function SWZ(K) is equal to the sum
nX(K|X)[α] · nY (K|Y )[α] + nX(K|X)[α] · nY (K|Y )[α].
Consequently, by Definition 3.5,
SW(Z)= SW(X) · SW(Y ).
4. An application
The Gompf nucleus N(2) is by definition the tubular neighborhood of the union of a
section and a cusp fiber in the simply connected elliptic surface E(2), where E(2) has
Euler characteristic 24 and admits a section. Since N(2) can be though of as a subspace in
an elliptic fibration, we can perform logarithmic transformations along the fibers contained
by N(2). In this way we get the 4-manifolds N(2)p,q—which are simply connected once
the nonnegative integers p and q are relatively prime. By embedding N(2)p,q in E(2)p,q
we can compute the relative invariants of N(2)p,q easily:
Theorem 4.1. The relative invariants of N(2)p,q are given by
SW(N(2)p,q)= sinh2(F )
sinh(F/p) · sinh(F/q) ,
where F denotes the Poincaré dual of the fiber.
Proof. The invariants of the elliptic surfaces E(2)p,q are given in [4] and one has that
SW(E(2)p,q)= sinh2(F )
sinh(F/p) · sinh(F/q) .
Since E(2)p,q = N(2)p,q ∪Σ(2,3,11) (E(2)p,q − N(2)p,q) and E(2)p,q − N(2)p,q =
E(2)−N(2), we get that
SW(E(2)p,q)= SW(N(2)p,q) · SW(E(2)−N(2)).
Since SW(E(2)) = 1, by Corollary 3.7 we have that SW(N(2)) = 1 and SW(E(2) −
N(2))= 1, hence SW(N(2)p,q)= SW(E(2)p,q). 2
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Using the product formula given in Corollary 3.7 we can prove that there are irreducible
simply connected 4-manifolds with b+2 > 1 not containingN(2)p,q for any relatively prime
p,q ∈ N. In order to show such as example, we quickly recall a recent construction of
Fintushel and Stern [5].
Example 4.2. Let us take a knot K ⊂ S3. 0-surgery on K produces a 3-manifold NK ;
consider the 4-manifold MK = NK × S1. A meridian µ of K gives rise to a circle in
NK , hence a torus T = µ× S1 in MX with [T ]2 = 0. Assume that the simply connected
4-manifold X contains a torus F with [F ]2 = 0, and that the complement of F is still
simply connected. Now fix a diffeomorphism between F and T extend it to an orientation
reversing diffeomorphism between the tubular neighborhoods. Delete the neighborhoods
of the tori and glue the resulting manifolds (with boundary T 3) together by using the
above identification. The resulting manifold, which turns out to be homeomorphic to X, is
denoted by XK .
We say that a 2-dimensional torus F ⊂ X4 lies in a cusp neighborhood if there is
a submanifold Y 4 ⊂ X4 containing F such that Y is diffeomorphic to the small open
neighborhood of a cusp fiber in an elliptic fibration, and the diffeomorphism takes F to
a nonsingular fiber. Note that N(2) contains a cusp neighborhood.
Theorem 4.3 [5]. Assume that F lies in a cusp neighborhood in X. Then SW(XK) =
SW(X) ·∆K(t) where∆K(t) is the Alexander polynomial ofK and t is the formal variable
corresponding to the cohomology class Poincaré dual to 2[F ].
It is known that theK3-surface E(2) contains three disjoint copies of the nucleusN(2),
cf. [10]. Let us fix a knot K with Alexander polynomial ∆K(t) = 2t2 − 5 + 2t−2. (For
example, the 2-twist knot (see [5]) is such a knot.) Apply the construction described in
Example 4.2 along the three tori Fi (i = 1,2,3) in the three disjoint nuclei with knots
K1 =K2 =K3 =K , and denote the resulting homotopyK3 surface by E(2)K,K,K .
After the above preparation we are ready to show an easy application of Corollary 3.7.
Theorem 4.4. The 4-manifold E(2)K,K,K does not contain a nucleus N(2)p,q for any p
and q .
Proof. Theorem 4.3 immediately gives that
SW(E(2)K,K,K)=∆K(t1)∆K(t2)∆K(t3)
= (2t21 − 5+ 2t−21 )(2t22 − 5+ 2t−22 )(2t23 − 5+ 2t−23 ).
Suppose that Y is a 0-codimensional submanifold of E(2)K,K,K and Y is orientation
preservingly diffeomorphic to N(2)p,q . Then by the product formula of Corollary 3.7 we
have that SW(Y ) divides SW(E(2)K,K,K). Since the constant term of SW(E(2)K,K,K) is
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odd, and all the other terms are even, it follows that only one of the coefficients of SW(Y )
is odd. On the other hand we known that
SWN(2)p,q
(
±
(
2− 1
p
− 1
q
)
PD(F )
)
=±1
and this implies that if Y =N(2)p,q , then p = q = 1. Using the adjunction inequality this
case can be excluded as well (see [21]), and this finishes the proof of Theorem 4.4. (Note
that in the above argument we considered only the mod 2 residues of the Seiberg–Witten
invariants, hence in this particular proof we did not use the orientations of the various
moduli spaces.) 2
Remark 4.5. The rough idea of excludingN(2)⊂E(2)K,K,K (i.e., the p = q = 1 case) is
the following: By the adjunction formula we known a basic class evaluates trivially on an
embedded torus of square 0. Since H2(N(2)) can be generated by the fundamental classes
of two embedded tori of square 0, this implies that ifN(2)⊂E(2)K,K,K , thenH2(N(2)) is
orthogonal to [Fi] i = 1,2,3. That, however, means that b+2 (E(2)K,K,K > 4, contradicting
the fact that b+2 (E(2)K,K,K)= 3. For details see [21].
In the rest of the paper we study embeddings of Σ(2,3,11) into smooth 4-manifolds.
It follows from Corollary 3.7 that smooth embeddings Σ(2,3,11) ↪→ X give serious
restrictions on the possible Seiberg–Witten invariants of X. This motivates the following
problem.
Problem 4.6. LetX be a simply connected smooth irreducible 4-manifold with b+2 (X) > 1.
Does Σ(2,3,11) admit a smooth embedding into X?
We conjecture that the answer to this problem is negative in general; using homotopy
K3 surfaces, below we present partial results related to Problem 4.6.
Assume thatX is a smooth 4-manifold homotopy equivalent to theK3 surface. Suppose
that Σ(2,3,11) smoothly embeds into X, decomposing it as X = Y1 ∪Σ(2,3,11) Y2.
(Note that since Σ(2,3,11) is a homology 3-sphere, we have H2(Y1;Z)⊗ H2(Y2;Z) =
H2(X;Z).) To fix the orientation of the boundaries ∂Yi , assume that ∂Y1 is orientation
preserving diffeomorphic to ∂N(2).
Theorem 4.7. Under the above circumstances the intersection form QY1 is equal to H =[ 0 1
1 0
]
; moreover SW(X) decomposes as the product of two finite Laurent polynomials f1
and f2. (The polynomial fi is defined on H2(Yi;Z).)
Proof. It follows from the classification of intersection forms that QY1 = aE8⊗ bH (here
E8 is the even negative definite 8-dimensional intersection form). Since H2(Y1;Z) ⊂
H2(X;Z) and QX = 2E8 ⊗ 3H we have that a 6 2 and b 6 3. Note that K3 splits as
K3 = N(2) ∪Σ(2,3,11) (K3 − N(2)), hence the above a is obviously even. (Otherwise
gluing Y1 to K3−N(2) we would get a spin 4-manifold with signature−24 contradicting
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Rohlin’s theorem.) In proving that a = 0 and b = 1, the following theorem of Furuta will
be applied. 2
Theorem 4.8 [7]. If the intersection form of a smooth 4-manifold is 2kE8 × lH , then
l > |2k| + 1.
Assume first that a = 2. Gluing Y1 and K3 − N(2) together we get a smooth 4-man-
ifold with intersection form 4E8 ⊗ (2 + b)H , consequently Theorem 4.8 implies b > 3.
On the other hand, if b = 3, then Y 2 ∪ (K3 − N(2)) violates Theorem 4.8. Hence we
are left with the case a = 0. Applying Theorem 4.8 for Y1 ∪ (K3 − N(2)) (in case
b = 0) and for N(2) ∪ Y2 (if b = 2,3) we conclude that b = 1 is the only possibility
allowed by Theorem 4.8. This proves the first assertion Theorem 4.7. Since b+2 (Y1) > 0
and b+2 (Y2) > 0, the second part follows from Corollary 3.7. 2
Next we define some interesting homotopy K3 surfaces using another construction
of [5]. Let L = (L1,L2) be a 2-component link in S3 such that the linking number
of L1 and L2 is 1. In S1 × S3 we have two smoothly embedded tori T1 = S1 × L1 and
T2 = S1 × L2 with trivial self-intersection. Consider two copies E1, E2 of the rational
elliptic surface CP2#9CP2 and denote the regular fiber in Ei by Fi (i = 1,2). Fix
orientation reversing diffeomorphisms φ1, φ2 between the boundaries of the closed tubular
neighborhoods
φ1 : ∂
(
nd(F1)
)→ ∂(nd(T1) ) and φ2 : ∂(nd(F2) )→ ∂(nd(T2) ),
and identify the boundaries of S1 × S3 − nd(T1) − nd(T2), E1 − nd(F1), E2 − nd(F2)
using φ1 and φ2. The resulting closed 4-manifold is denoted by M(L). First note that
since any orientation preserving self-diffeomorphism of ∂(E1 − nd(F1)) can be extended
to E1 − nd(F1), the smooth structure of M(L) is independent of the choice of φ1 and φ2.
It is shown in [5] that M(L) is a homotopy K3 surface, and the Seiberg–Witten series of
M(L) is given by
SWM(L) =∆L(t1, t2),
where ∆L(t1, t2) is the symmetrized multivariable Alexander polynomial of the link L,
and t1, t2 correspond to exp(2PD(F1)) and exp(2PD(F2)), respectively.
The following result is a direct consequence of Theorem 4.7.
Theorem 4.9. Fix a two-component link L= (L1,L2) in S3 with linking number 1, such
that the multivariable Alexander polynomial of L cannot be decomposed as a nontrivial
product. DefineM(L) applying the construction given above and suppose thatΣ(2,3,11)
smoothly embeds into M(L) decomposing it as M(L)= Y1 ∪Σ(2,3,11) Y2. Then QY1 =H ,
QY2 = 2E8⊗ 2H and [F1], [F2] ∈H2(Y2;Z).
We conjecture the following.
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Conjecture 4.10. Let L be as in Theorem 4.9 with M(L) corresponding homotopy K3
surface. Then Σ(2,3,11) cannot be smoothly embedded into M(L).
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